By introducing a modified Weizsacker correction, a relativistic Thomas-Fermi theory is developed without any divergence difficulties. The electron density distribution and the total energy are obtained for several free neutral atoms and positive ions. § l. Introduction It is well known that for heavy atoms a relativistic treatment of electrons Is necessary because the electrons would move with a very high speed comparable to the light velocity in such cases. In the so-called Thomas-Fermi theory of atoms, the relativistic correction has been taken into account by several investigators.
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Vallarta and Rosen
1
) were the first who introduced the effect of the relativistic change of mass with velocity into the original Thomas-Fermi theory. As J ensen 2 ) pointed out, however, the electron density derived from this theory becomes infinite as r-3 near the nucleus (r being the distance from the nucleus) so that the electron density is not normalizable and consequently the total energy of the electron diverges. Later, Plaskete) has deduced a relativistic ThomasFermi equation from a different standpoint which yields a cutoff of the electron density at the nucleus and thus a finite energy, provided the atomic number Z satisfies the restrictive condition Z< (2a) -1~1 37 /2 in terms of the fine structure constant a. Since one could expect that the relativistic effect is more significant for an atom with a large atomic number, one might say such a restriction on Z is unreasonable.
On the other hand, Gilvarry 4 ) has formulated a relativistic Thomas-Fermi equation on the basis of the density of states which was derived by Rudkj¢bing 5 ) from the Dirac equation for the case of a spherically symmetric potential. His equation removes both difficulties mentioned above. That is, the electron density becomes infinite as r-312 so that it is normalizable and the energy can be evaluated at some finite value. This equation, however, has such a complicated form that the numerical integration would be difficult. Actually the numerical calculation was not performed in his paper.
As was pointed out by Gombas 0 ) previously, another procedure to remove the divergence difficulties is an introduction of a quantum correction besides the relativistic correction. For the form of quantum correction, detailed numerical 'Y. Tomishzma cntlque has recently been given by several authors. Numerically, the best way at present would be the form derived originally by Weizsacker multiplied by an adjustable constant weighting factor . 7 ),s)
In this paper, therefore, the effect of the relativistic change of mass with electron velocity as well as the modified W eizsacker correction is introduced into the usual Thomas-Fern1i theory.
In § 2, the fundamental equation to determine the electron density distribution is derived by a standard variational method. In § 3, the adjustable parameter of the modified W eizsacker correction is determined in such a way that for a fictitious case of no interaction between electrons the total energy evaluated by the present model fits well the exact value obtained by the Dirac equation on a whole range of atomic number. In § 4, there are given the numerical solutions for several neutral free atoms and the comparison is made between the relativistic and the non-relativistic solutions. At the same time, their total energies are also calculated and are compared with those of non-relativistic model. § 2 Derivation of the fundamental equations In the statistical model of the atom, the electrons in a small volume element in an atom are treated as a completely degenerate free electron gas. In this model, the total energy E of the atom of atomic number Z can approximately be described as a sum of energy components; the kinetic energy E1c, the inhomogeneity correction Ew, the exchange energy Ea and the potential energy The relativistic kinetic energy per unit volume, UD, of a free completely degenerate electron gas can be expressed in terms of the number of electrons per unit volume p:
and
where m, c and h have the usual meaning. 
( 2· 7) where (2·8)
e and a 0 are the absolute value of the electronic charge and the Bohr radius respectively, and J.. is a constant weighting factor introduced in II, in order to reduce the over-correction of the original W eizsiicker term.
The energy E should be minimum under the variation of the density p, subject to the subsidiary condition
where N stands for the total number of electrons. Here we put and the use IS made of
If we use the atomic units and put (2 ·17) we have instead of Eq. (2 ·14)
where a is the fine structure constant and /Ci and tea are to be understood in atomic units. In the limit a= 0, Eq. (2 ·18) becomes the one for the non-relativistic case, Eq. (II-2 · 8), of course.
Equation (2 ·18) and the Poisson equation (2 ·19) constitute our fundamental equation to determine the electron desity distribution. For the sake of simplicity, we assume here that the electron distribution is spherically symmetric, therefore <jJ and V are the functions only of the distance from the nucleus r.
The asymptotic behavior of <jJ for large r is (2. 20) and at r = 0, as one can easily verify by series expansion of <jJ in integral powers of r, ¢ can be taken as a constant. This is a significant consequence of the introduction of the W eizsacker correction. Therefore, the theory becomes free from the divergence dif-ficulties mentioned in § 1. § 3. Selection of the value of the parameter )\..
In order to estimate the favorable value of },, we proceed in a similar manner to the non-relativistic case discussed in the previous paper 1.7) In the nonrelativistic case, the value of }, is determined in such a way that the total energy of an atom calculated from the solution of the extended TFD equation shows a good agreement, in the whole range of atomic number Z, with the exact value obtained by solving the Schrodinger equation, neglecting the interactions between electrons. J~ is then estimated to be nearly equal to 0.2, which is slightly different from Kirtznit's 10 ) estimate 1/9 and also from the original Weizsacker's11) value 1.
When the interaction between electrons is taken into account, the energy value of an atom calculated from this scheme is also m fairly good agreement with that based on the Hartree-Fock solution. Now, in the relativistic case, we should compare the energy value calculated by the present model to that obtained from the Dirac equation in order to determine the value of the parameter A.. As in the non-relativistic case of the previous paper I, here the interactions between electrons may completely be neglected, because the W eizsacker's correction is essentially for the kinetic energy of the electron and the value of A. is not so sensitive to the detailed form of the potential.
When the interactions between electrons are omitted, we should take as En=O,
( 3· 3) while ETG and Ew have the same form as before. This equation can easily be solved for a given value of J.., and using the solution <jJ thus obtained, one can estimate the total energy of an atom. The energy values for J. . = 0.2, 1/9 and 1 are listed from the second to forth columns in Table I . On the other hand, according to the Dirac theory, the energy level of an hydrogen-like atom of atomic number Z is expressed as 12 ) Table I . Comparison is made between the total energy of a neutral atom of atomic number Z calculated from the Dirac theory and that based on the present model for several values of ;., when the interactions between the electrons are neglected (in atomic units) . 
where n is the principal quantum number and !? is a quantum number which has possible values 1, 2, · · · · · ·, n. For the non-interaction case, one may just add up this energy value from the lowest level to the highest corresponding to the electron number N. The value thus calculated is listed in the first column of Table I .
Comparisons are also made in Fig. 1 . From Table I and Fig. 1 , one can see that the present model with }, = 0.2 shows a good agreement with Dirac's. Therefore we will use the value 0.2 of }, for further calculation in the following sections. 
Owing to the assumption that <jJ and V are functions only of r, we have An efficient procedure to solve Eqs. ( 4 · 3) and ( 4 · 4) would be the iteration method employed in the previous paper II. That is, starting from a trial value of y which satisfies the conditions ( 4 · 5), ( 4 · 6) and ( 4 · 7), U is calculated by using Eq. (4·4). Then using this value of U, Eq. (4·3) is solved by the method of finite difference equations. The first trial value of y is replaced by the newly calculated value, and this process is repeated until the solution becomes selfconsistent. During this iteration process, the Lagrange multiplier V 0 is adjusted in such a way that the condition ( 4 · 7) is fulfilled.
As an example, the radial density of the electrons obtained from the solution of Eqs. (4·3) and (4·4) is plotted in Fig. 2 for the neutral atom Xe. For the sake of comparison, the non-relativistic radial density is also shown in the same figure. It is clearly shown that the electron density becomes dense near the nucleus for the relativistic atom model compared to the non-relativistic one.
This effect increases with increasi:Q.g Z. In order to make the charge concentration more evident, a quantity L1 defined by
IS plotted as a function of r 111 Fig. 3 . Pn and PNn are the relativistic and the non-relativistic charge densities. L1 may be interpreted as the increase of charge in a sphere of radius r round the nucleus caused by the relativistic treatment. The same quantity was evaluated by Froman 13 ) for Hg2+, on the basis of Mayer's present results and Froman's, one finds that both results agree qualitatively but as for the shape and the order of magnitude of Ll, the agreement is not so satisfactory. The investigation of the cause of this unsatisfactory results should be left for future research. Using the electron density obtained by the method described in the preceding paragraph, one can easily evaluate the relativistic total energy of neutral atoms as well as of positive ions, ER, from Eqs. (2 ·1), (2 · 4) rv (2 · 7). The results are listed in the second column of Tables II"'-' VII. Included in these tables is also the non-relativistic total energy, ENR, which is obtained by the treatment of the previous paper II.
It is a remarkable result that the energy difference between the relativistic and the non-relativistic total energy is independent of the ionization degree and is dependent only on the atomic number.
This indicates that the energy difference comes mainly from the inner electrons.
In Fig. 4 , the differences, LIE, between ER and ENR are plotted against the logarithm of the atomic number Z. One can see that the plots fall with remarkable precision on a straight line, so that LIE can well be expressed by the following formula: .JE - It is rather surprising that the numerical value of the power of Z of his expression, 9/2, is very close to ours. § 5. Conclusions
The relativistic expression of the kinetic energy of the electron is incorporated with the usual Thomas-Fermi theory. Taking the Weizsacker correction into account makes the electron density at the nucleus finite, therefore the total energy can be calculated at the correct order of magnitude.
The radial density distrbution of the electrons thus obtained tends to concentrate to the nucleus by the relativistic correction, consequently the total binding energy of the electrons becomes slightly larger than that of the nonrelativistic case. The energy difference of the relativistic and the non-relativistic total energy depends only on the atomic number and not on the electron number or ionization degree, up to quintuply ionized positive ion at least. So one can conclude that the energy difference comes mainly from the inner electrons of the a tom or the ion.
The basic assumption in this paper is that the interaction between the electrons can approximately be described by the electrostatic Coulomb potential. However, as was pointed out by Fr6man,I
3 > the term characteristic of the Dirac theory which has no obvious physical interpretation or no explicit classical counterpart, has an essential role for the relativistic treatment of many-electron system. This term, which is not taken into account in this paper, should be incorporated with the statistical atom model in its relativistic treatment. This is left as an important and interesting future problem.
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